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Numerical, axisymmetric cell model analyses are used to study the growth of voids in ductile metals,
until the mechanism of coalescence with neighbouring voids sets in. A special feature of the present anal-
yses is that extremely small values of the initial void volume fraction are considered, down to 1010,
which means that the metal undergoes huge strains before coalescence. This is accounted for in the pres-
ent analyses by using remeshing techniques. The evolution of the void shape during the large deforma-
tions is a natural outcome of the numerical analysis. Also the effect of different initial void shapes is
considered, as well as the effect of different spacings between the voids in the axial and transverse direc-
tions. While these ﬁrst analyses are carried out for voids in a homogeneous metal, a second set of cell
model studies are carried out for voids that initiate from a crack in a hard second phase particle. As
the particle deforms relatively little the void growth is here dominated by strong blunting of the metal
at the tip of the initial penny-shaped crack. These analyses are used to estimate how well the void shape
evolution would be approximated by assuming that the presence of the particle in the material adjacent
to the void can be neglected.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The early analyses by Rice and Tracey (1969) for the growth of a
single spherical void in an inﬁnite ideally plastic solid led to the
development of a constitutive model (Gurson, 1977), which al-
lowed for studies of the effect of a certain void volume fraction
on the development of ductile fracture. Subsequently, the effect
of the void volume fraction has been studied in a number of anal-
yses for cell models containing a single spherical void, as e.g. Tverg-
aard (1982) or Koplik and Needleman (1988), who focused on
determining the critical value of the void volume fraction at which
the process of coalescence with neighbouring voids would initiate.
It has also been shown (Huang et al., 1991) that voids under sufﬁ-
ciently high stress triaxiality grow in an unstable manner. Such
numerical cell model analyses naturally account for the evolution
of the void shape during straining, but efforts to develop constitu-
tive models that account for void shape effects came later (Golo-
ganu et al., 1997; Danas et al., 2009a,b), and these studies also
focused on the inﬂuence of an initial void shape that differs from
spherical. Early insight in void shape effects had been obtained
by Budiansky et al. (1981) for viscous solids. The work of Gologanu
et al. (1997) was extended by Pardoen and Hutchinson (2000) to
account for strain hardening, and many numerical cell model
studies analogous to those of Koplik and Needleman (1988) were
carried out to determine the critical void volume fraction for thell rights reserved.initiation of void coalescence. Koplik and Needleman (1988)
considered initial void volume fractions down to 0.0013, while
the smallest void volume fractions studied by Pardoen and
Hutchinson (2000) were 1.96  106. Cell model studies for much
smaller initial void volume fractions have been carried out by
Tvergaard (1997, 2000), considering highly constrained plastic
ﬂow in thin metal layers bonded to ceramics. In these cases, where
also cavitation instabilities are an issue, the use of remeshing
techniques has made it possible to follow growth from the initially
tiny void to the ﬁnal stage of ductile failure by coalescence with
neighbouring voids.
In the present paper axisymmetric cell models are analyzed un-
der speciﬁed stress triaxiality, as in the studies of Koplik and Nee-
dleman (1988) and Pardoen and Hutchinson (2000), thus
representing ductile metals with a periodic distribution of voids.
As remeshing is used here, it is possible to study void growth to
failure for much smaller initial void volume fractions than those
considered in the previous two papers. The inﬂuence of void shape
evolution is automatically accounted for in the numerical cell mod-
el analyses, and also the effect of initially prolate or oblate void
shapes are considered here, as well as the effect of different initial
void spacings in the axial and transverse directions.
In applications to materials where voids nucleate by cracking of
hard particles, the approximation has been made (e.g. see Nielsen
et al., 2010) that the shape evolution from the initial penny-shaped
crack is described as that of an oblate void in a homogeneous
matrix material. In reality the mode of deformation is very differ-
ent, more like that at ﬁbre breakage in a metal matrix composite
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forms very little, while the deformations are highly concentrated
in the matrix material around the initial crack-tip. Remeshing
makes it possible to analyze this mechanism and to compare with
the corresponding oblate void in the homogeneous matrix
material.
2. Problem formulation
Analyses are carried out for an axisymmetric cell model con-
taining a single void, thus representing a metal with a periodic ar-
ray of voids. The initial height of the region analyzed is H0 and the
initial radius is R0. Finite strains are accounted for and the analysis
is based on a convected coordinate Lagrangian formulation of the
ﬁeld equations, with a Cylindrical xi coordinate system used as ref-
erence, where x1 = z is the axial coordinate, x2 = r is the radial coor-
dinate, and x3 = h is the circumferential coordinate. Here, gij and Gij
are metric tensors in the reference conﬁguration and the current
conﬁguration, respectively, with determinants g and G, and
gij = 1/2(Gij  gij) is the Lagrangian strain tensor. The contravariant
components sij of the Kirchhoff stress tensor on the current base
vectors are related to the components of the Cauchy stress tensor
rij by sij ¼ ﬃﬃﬃﬃﬃﬃﬃﬃG=gp rij . Then, in the ﬁnite strain formulation for a J2
ﬂow theory material with the Mises yield surface the incremental
stress–strain relationship is of the form _sij ¼ Lijk‘ _gk‘ . The instanta-
neous moduli are speciﬁed in Hutchinson (1973), Tvergaard
(1976). The true stress–logarithmic strain curve in uniaxial tension
is taken to follow the power law
e ¼ r=E r 6 rYðrY=EÞðr=rYÞ1=N rP rY
(
ð1Þ
with Young’s modulus E, the initial yield stress rY and the power
hardening exponent N. Furthermore, the instantaneous moduliFig. 1. Example of a mesh umake use of Poisson’s ratio m, and of the Mises stress re = (3sijsij/
2)1/2, where sij is the stress deviator. The tangent modulus Et is
the slope of the uniaxial stress–strain curve (1) at the stress level re.
The boundary conditions on the outer surfaces of the cell model
are speciﬁed by
_u1 ¼ _UI; _T2 ¼ 0 for x1 ¼ H0 ð2Þ
_u1 ¼ 0; _T2 ¼ 0 for x1 ¼ 0 ð3Þ
_u2 ¼ _UII; _T1 ¼ 0 for x2 ¼ R0 ð4Þ
where _UI and _UII are constants, _UI is prescribed, and _UII is calculated
such that the ratio of the average transverse stress T and the aver-
age axial stress S has the prescribed value
T=S ¼ j ð5Þ
The average stresses on the top surface and the cylindrical surface
are calculated as
S ¼ 2
R2
Z R0
0
½T1x2x1¼H0dx
2 ð6Þ
T ¼ R0
RH
Z H0
0
½T2x2¼R0dx
1 ð7Þ
where Ti are the contravariant components of the nominal surface
tractions and ui are the displacement components and H and R
are the current values of the height and radius of the cell model.
2.1. Spheroidal voids, oblate, spherical or prolate
The void in a homogeneous elastic–plastic matrix material is
taken to have the initial half-axis a0 in the axial direction and the
initial half-axis b0 in the radial direction of the unit cell (see
Fig. 1). The initial void volume fraction in the unit cell is then given
by f0 ¼ 2a0b20=ð3H0R20Þ. In the analyses to be presented here verysed for a prolate void.
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by a factor as large as 108 before failure by void coalescence is pre-
dicted. During the deformations the current values of the unit cell
dimensions are denoted by H and R, and the current values of the
axes of the void are denoted by a and b.2.2. Voids arising from cracked particles
When voids nucleate by particle cracking rather than by deco-
hesion of the particle–matrix interface, the particles are most likely
to crack near the middle where the tensile stresses are highest.
This situation is rather similar to ﬁbre breakage in metal matrix
composites (MMC), which has been analyzed by Tvergaard (1993,
2004) for rigid ﬁbres in a metal matrix. For the initially penny-
shaped crack through the particle the mode of deformation is com-
pletely dominated by blunting type deformations at the crack-tip.
Therefore, it is numerically convenient to assume an initially
rounded crack-tip with a radius that is here denoted rc (see
Fig. 2). While the short ﬁbres in the earlier studies of MMC’s were
circular cylindrical, the particles to be considered here are taken to
be spheroidal with the initial half-axis ap in the axial direction and
the initial half-axis bp in the radial direction (see Fig. 2). Here, the
initial void shape is not exactly spheroidal, and the initial values of
the void axes are rc and bp + rc. The material parameters E, m, rY and
N mentioned in relation to Eq. (1) are used to specify the matrix
material, and the corresponding material parameters for the parti-
cle material are denoted by Ep, mp, rYp and Np.3. Numerical method
The Lagrangian strain tensor in terms of the displacement com-
ponents ui on the reference base vectors is given by
gij ¼
1
2
ui;j þ uj;i þ uk;iuk;j
 
ð8Þ
where (),j denotes covariant differentiation in the reference frame.Fig. 2. A mesh used to model an initiA numerical solution is obtained by a linear incremental solu-
tion procedure, by expanding the principle of virtual work about
the current state. The incremental equation is, to lowest order,
equal toZ
V
Dsijdgij þ sijDuk;iduk;j
n o
dV ¼
Z
A
DTiduidA

Z
V
sijdgijdV 
Z
A
TiduidA
 
ð9Þ
where V and A are the volume and surface of the body in the refer-
ence conﬁguration, Dsij and Dgij are the stress and strain incre-
ments, and Ti are contravariant components of the nominal
surface tractions. On the void surface the nominal tractions are zero,
while on the outer surfaces of the region analyzed the boundary
conditions are speciﬁed by Eqs. (2)–(7). The bracketed terms in
Eq. (9) are equilibrium corrections. The displacement ﬁelds are
approximated in terms of 8-noded isoparametric elements, and
the volume integral is carried out by using 2  2 point Gauss inte-
gration within each element. The stress ratio (5) is implemented
by using a special Rayleigh–Ritz ﬁnite element method (Tvergaard,
1976).
Remeshing has been added to the axisymmetric ﬁnite strain
programme by Pedersen (1998), and the procedure has been fur-
ther developed by Tvergaard (1997). The values of ﬁeld quantities
in the integration points of the new mesh are determined by inter-
polation in the old mesh. First, a bilinear surface in terms of the lo-
cal element coordinates n and g is used to extrapolate values (such
as stress components) in the old mesh from integration points to
nodal points, where the region of the element is speciﬁed by
1 6 n 6 1 and 1 6 g 6 1. The stress values used for a nodal point
are the averages of the values found by extrapolation from the
adjacent elements. Then, values of the ﬁeld quantities in the nodal
points of the new mesh are determined by interpolation in the old
mesh, using the shape functions. Finally, the values in the integra-
tion points of the new mesh are determined by interpolation from
the new nodal points, using the shape functions. To do this, it is
necessary to determine the location of each new nodal point inal crack in an ellipsoidal particle.
Fig. 3. Cell models with different initial void volume fractions, for initially spherical
voids, a0/b0 = 1, cell aspect ratio R0/H0 = 1 and stress ratio j = 0.5. (a) Average tensile
stress vs. average strain. (b) Void volume evolution. (c) Ratio of the void axes.
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of the local coordinates n and g inside that element.
The old coordinates of a new nodal point are determined by the
procedure (Pedersen, 1998) that ﬁrst the nearest old nodal point
representing an element corner is found, and then a Newton–
Raphson iteration is used to determine the old values of n and g.
This is done for each adjacent element in the old mesh, until the
element is found that contains the new point. If none of these adja-
cent elements contain the new point, the results of the iterations
are used to select another corner point for one of these elements,
and the iterations are repeated for elements adjacent to that point.
A remeshing is carried out when DeeP (Dee)max in any integration
point, where ee ¼
R ð2 _gij _gij=3Þ1=2dt is an effective strain, and Dee de-
notes the amount of this strain accumulated since last remeshing.
Here, the limiting value (Dee)max is mostly taken to be 0.4, but
sometimes lower, depending on how much mesh distortion is tol-
erated by the solution. The limiting value of (Dee)max around 0.4 is
chosen because the procedure with remeshing becomes unstable if
a somewhat larger value is used. The remeshing has the advantage
that the results never rely on computations carried out with an ex-
tremely distorted mesh. But, ﬁnding ﬁeld quantities in integration
points of the new mesh by interpolation in the old mesh does
involve an approximation, which will have a little effect on the
numerical results obtained.
For the spheroidal voids in a homogeneous matrix remeshing is
carried out in the whole unit cell. However, in the case of voids
arising from cracked particles it was chosen to only remesh in
the rectangular mesh region just around the blunting crack-tip
(see Fig. 2), where the largest deformations occur. In a new mesh
the points on the void surface are calculated by interpolation be-
tween old surface points, and other new nodal points are calcu-
lated by interpolation between the points on the void surface
and points on the edges of the remeshing region.4. Results
The analyses are carried out for a matrix material with rY/
E = 0.002, m = 0.3 and the strain hardening exponent N = 0.1. When
particles are present in the material we are thinking of iron-rich
particles in an aluminium matrix, and the material parameters
for the particles are taken to be speciﬁed by Ep/E = 2.9, mp = 0.3,
rYp/rY = 3.0 and Np = 0.1. In cases where the initial void spacings
in the axial and transverse directions are the same, the initial
dimensions of the unit cell analyzed are taken to satisfy R0/H0 = 1.4.1. Spheroidal voids
Fig. 3 shows curves calculated for initially spherical voids, a0/
b0 = 1, in a unit cell with R0/H0 = 1 subject to a stress ratio j = 0.5
in Eq. (5). This stress ratio corresponds to the stress triaxiality
Rm/Re = 4/3, where Rm and Re are the macroscopic mean stress
and Mises stress, respectively. Curves are shown for ﬁve different
initial values of the void volume fraction f0, ranging from 102 to
1010. Fig. 3a shows the evolution of the axial tensile stress S/rY
vs. the axial logarithmic strain e1 = ln(H/H0). It is seen that the true
stress S grows smoothly, passes a maximum, and then rather
abruptly starts to decay rapidly. This abrupt stress reduction is
associated with elastic unloading in most of the unit cell, resulting
in the localized plastic ﬂow between neighbouring voids that
develops into void coalescence (Koplik and Needleman, 1988). As
expected, this occurs at larger strains the smaller the initial void
volume fraction. For the smallest initial void volume fraction the
stress maximum occurs shortly before the onset of coalescence,
and the subsequent decaying curve is almost vertical. In each ofthe ﬁve cases the computation has followed the coalescence pro-
cess down to S/rY  0.3.
Fig. 3b illustrates the relative growth of the void volume, spec-
iﬁed in the form of log10(V/V0). For the smallest initial void volume
fraction the value of V/V0 exceeds 108, which would not be feasible
numerically without several applications of remeshing. Each of the
curves shows the rapid increase of the void volume at nearly con-
stant strain during the ﬁnal void coalescence process. Fig. 3c shows
the evolution of the ratio a/b of the void axes. For all ﬁve curves the
ratio increases slightly in the early stages, so that the voids grow
slightly prolate, but later the ratio is again close to unity. During
the ﬁnal coalescence process the ratio decays and the voids grow
oblate as they mainly extend in the transverse direction towards
the neighbouring voids, due to necking of the ligaments.
The effect of the initial void shape is considered in Fig. 4 by
comparing results for three values, 1, 1/3 and 3, of the ratio of
the initial void axes a0/b0. As in the previous ﬁgure, the unit cell
has R0/H0 = 1 with an applied stress ratio j = 0.5, and the compar-
ison here is carried out for f0 = 108. Fig. 4a shows that the overall
stress vs. strain curves differ only little before the end stage, where
the initially oblate void gives coalescence earlier than the initially
prolate void. According to Fig. 4b the relative volume increase is a
little larger for the initially oblate void, and Fig. 4c shows that all
three voids reach a near spherical shape before the ﬁnal onset of
coalescence. The general trends found here for the evolution of
the void shape are in good agreement with those found by Pardoen
and Hutchinson (2000) for a similar level of the stress triaxiality,
but the much smaller initial void volume fractions in the present
analyses allow for much more void growth and therefore the three
voids in Fig. 4c have reached nearly the same current shape before
the onset of coalescence. Thus, in the case of Fig. 4 the effect of the
initial void shape on the overall strain for onset of coalescence is
Fig. 4. Cell models with different initial void aspect ratios, for initial void volume
fraction f0 = 108, cell aspect ratio R0/H0 = 1 and stress ratio j = 0.5. (a) Average
tensile stress vs. average strain. (b) Void volume evolution. (c) Ratio of the void
axes.
Fig. 5. Cell models with different external stress ratios, j, for initially spherical
voids, a0/b0 = 1, initial void volume fraction f0 = 108 and cell aspect ratio R0/H0 = 1.
(a) Average tensile stress vs. average strain. (b) Void volume evolution. (c) Ratio of
the void axes.
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ence, at the same stress triaxiality, if coalescence occurred at smal-
ler strains, as would be the case for larger initial void volume
fractions than that considered in Fig. 4.
The inﬂuence of the stress triaxiality is studied in Fig. 5 by com-
paring results for four different values, 0.25, 0.5, 0.625 and 0.7, of
the stress ratio j, corresponding to stress triaxialities of 2/3, 4/3,
2 and 8/3, respectively. The voids are initially spherical, the unit
cell has R0/H0 = 1, and the comparison is carried out for f0 = 108.
These analyses show a very strong sensitivity to the stress triaxial-
ity, as is well known from many previous investigations. Thus, for
j = 0.7 the high peak stress is reached at a rather small strain,
while the void volume grows very rapidly, and the initially spher-
ical void grows oblate with the ratio of the axes approaching a/
b  0.6 (see Fig. 5c). On the other hand, for the lowest stress ratio
considered, j = 0.25, no indication of void coalescence is found be-
fore the strain e1  2.6, where the computation was stopped. At
this end point the ratio of the void axes has grown to a/b  25,
so that the prolate void looks more and more like a needle (Budian-
sky et al., 1981). It is seen that the end-points of the curves for
j = 0.25 are cut out of Fig. 5.
Fig. 6 considers the effect of different initial void spacing in the
axial and transverse directions, for initially spherical voids subject
to an applied stress ratio j = 0.5, with the initial void volume frac-
tion f0 = 108. A larger transverse spacing relative to the initial void
radius is expected to give later onset of coalescence with neigh-
bouring voids. However, the difference between the strains at ﬁnal
failure predicted for R0/H0 = 2 and for R0/H0 = 0.5 is not very large.The reason is that the void radius grows rather rapidly, with a/
b  1 (Fig. 6c), while the transverse spacing is reduced by the extra
straining. Still, a much larger value of R0/H0 would delay the onset
of failure much more.
4.2. Voids arising from cracked particles
When a particle cracks on a plane perpendicular to the maxi-
mum tensile stress on the unit cell, the initial opening of the crack
will be small or zero. This has been approximated by Nielsen et al.
(2010) by assuming a0/b0 = 0.01. Such a small value is difﬁcult in
the present numerical study, as this would require a very small
value of the initial blunting radius rc (see Fig. 2). The initial value
a0/b0 = 0.0909 has been applied here by using initial geometries
speciﬁed by bp/R0 = 0.02 and rc/bp = 0.1 and in all cases the initial
cell aspect ratio is taken to be R0/H0 = 1. In addition to the compu-
tations with a harder particle, each case has also been analyzed
with the matrix material properties speciﬁed inside as well as out-
side the particle. Thus, predictions of the void volume evolution as
well as the shape evolution can be compared for the same initial
void geometry, with a particle or without.
In all the cases to be illustrated here the particle radius is small
relative to the initial radius of the unit cell, as speciﬁed by
bp/R0 = 0.02. Thus, all the oblate voids considered are initially
Fig. 6. Cell models with different cell aspect ratios R0/H0, representing void
spacings, for initially spherical voids, a0/b0 = 1, initial void volume fraction f0 = 108
and stress ratio j = 0.5. (a) Average tensile stress vs. average strain. (b) Void volume
evolution. (c) Ratio of the void axes.
Fig. 7. Void with rc/bp = 0.1 starting from a cracked particle, where bp/R0 = 0.02 and
the particle aspect ratio is ap/bp = 5. The computations with a hard particle are
compared to results for the void in a uniform matrix material. (a) Void volume vs.
average strain. (b) Ratio of the void axes.
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stress states differ.
The particle in Fig. 7 is rather long, with the initial aspect ratio
ap/bp = 5. The macroscopic stress states considered range from a
rather high triaxiality case, j = 0.5 in (5), to the low triaxiality case
of uniaxial tension j = 0. For j = 0.5 Fig. 7a shows that the void vol-
ume grows fast, only slightly faster with a particle present, and
Fig. 7b shows that also the shape evolutions differ little, as the as-
pect ratios approach something close to a spherical void (a/
b  0.8). For the lower values of j the particle has a larger effect
on the rate of void volume growth, such that for j = 0 the presence
of the harder particle more than doubles the rate of void growth.
Also the void aspect ratios differ much more in these cases, where
the aspect ratio becomes larger with the particle present.
The deformed meshes in Fig. 8 illustrate the void shapes that
have developed in Fig. 7 at e1 = 0.50 for j = 0.25. It is seen that with
a hard particle (Fig. 8a) the void shape approaches that of a circular
cylinder with ﬂat ends. With no particle present (Fig. 8b) the void
shape becomes more like a spheroid, but not exactly a spheroid be-
cause it starts from the shape shown in Fig. 2. This initial shape
also results in a wavy void surface, both with a particle and with-
out a particle, which is not found for the initially spheroidal voids
with similar mesh reﬁnement. Due to the forces pulling on the long
particle, the void in Fig. 8a is signiﬁcantly longer than that in
Fig. 8b, at the same overall strain. It is noted that the material in-
side the hard particle in Fig. 8a is hardly deformed at all, whereas
the matrix material in the corresponding material region in Fig. 8b
is much deformed.
The computations starting from a cracked hard particle have
not been continued to the onset of void coalescence, since the
mesh used for these analyses (see Figs. 2 and 8) is not as well sui-
ted for that as the mesh used for spheroidal voids (Fig. 1). However,for the larger stress ratio j = 0.5, corresponding to the stress triax-
iality Rm/Re = 4/3, Fig. 7 shows that the evolutions of void volume
and void shape differ very little, so it may be expected that coales-
cence is well represented by models neglecting the particle. At the
moderate stress triaxiality 2/3 corresponding to j = 0.25 it is ex-
pected that the particle will result in earlier coalescence, due to
the more rapid volume growth with similar transverse expansion
at the stage shown in Fig. 8.
In Fig. 9 the only difference is that the particle aspect ratio is
lower, ap/bp = 2.5. Here, the results for the two computations with
the higher stress triaxiality, j = 0.5, can hardly be distinguished
from each other. For the lower stress triaxialities the void volume
still grows noticeably faster in the presence of a particle than with-
out, but the difference is smaller than that found for the longer par-
ticle in Fig. 7. The differences in the void aspect ratio evolution are
here not very signiﬁcant, as is shown in Fig. 9b. It is noted that the
curves computed with no hard particle present in Figs. 7, 9 and 10
are identical. The only difference between these computations is
that the meshes are different, as they are prepared to represent
hard particles of different relative length.
The results for a crack in a spherical particle, ap/bp = 1, in Fig. 10,
conﬁrm the effect of a shorter particle found in the previous ﬁgure.
Thus, the differences between the predictions with or without a
particle are smaller in Fig. 10 than in Fig. 9. With the initial void
shapes considered here (Fig. 2) the deformed voids do not always
evolve into near spheroidal shapes, and therefore equal values of
the ratio a/b of the axes of the void do not necessarily mean that
the void shapes are identical. In uniaxial tension, j = 0, the voids
tend to develop into a circular cylindrical shape, with the two
halves of the hard particle forming the nearly ﬂat ends of the
Fig. 8. Void shapes at e1 = 0.50 for j = 0.25 in Fig. 7. Initial void shape deﬁned by rc/bp = 0.1, bp/R0 = 0.02 and ap/bp = 5 in Fig. 2. (a) With hard particle. (b) No particle.
Fig. 9. Void with rc/bp = 0.1 starting from a cracked particle, where bp/R0 = 0.02 and
the particle aspect ratio is ap/bp = 2.5. The computations with a hard particle are
compared to results for the void in a uniform matrix material. (a) Void volume vs.
average strain. (b) Ratio of the void axes.
Fig. 10. Void with rc/bp = 0.1 starting from a cracked particle, where bp/R0 = 0.02
and the particle aspect ratio is ap/bp = 1. The computations with a hard particle are
compared to results for the void in a uniform matrix material. (a) Void volume vs.
average strain. (b) Ratio of the void axes.
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even with remeshing, and therefore these computations are not
continued as far as those with no hard particle.
The curves in Figs. 7, 9 and 10 have been computed for small
volume fractions of particles, as speciﬁed by bp/R0 = 0.02. Computa-
tions have also been made for relatively larger particles, e.g. for bp/
R0 = 0.2 in the case of ap/bp = 2.5, which represents a rather large
particle with ap/H0 = 0.5. This larger particle does change the
curves a little compared to those shown in Fig. 9, particularly at
large strains, but the differences are not very large. The most
noticeable effect is that the difference between the predictions
with or without a hard particle are larger when the particle is long-
er relative to the length of the unit cell.
Completely different behavior is found if void initiation is due to
debonding of the particle–matrix interface, and the particle does
not break. Then, for low stress triaxility the hard particle inside
the void will press against the void surfaces, which will increase
the rate of void growth, as has been found by Fleck et al. (1989)
and Siruguet and Leblond (2004).
5. Discussion
The cell model studies of void growth carried out here consider
very small initial void volume fractions, down to 1010, and for
these very small voids growth is followed numerically up to the
onset of coalescence with neighbouring voids. Thus, for the small-
est void volume considered the relative growth of the void volume,
V/V0, exceeds 108. So much void growth involves huge plastic
strains, and these analyses would not be possible without reme-
shing. As expected based on earlier studies, there is a strong sensi-
tivity to the stress triaxiality, such that at high values of the stress
ratio j coalescence occurs at relatively small overall strain,
whereas at smaller values of j coalescence occurs later. This ap-
plies to the range j 6 1, where the average transverse stress T does
not exceed the average axial stress S.
For the small initial void volume fraction considered here, it is
found that the overall strain for the onset of coalescence is not very
sensitive to the initial aspect ratio, a0/b0, of the void. At the stage of
coalescence both prolate and oblate voids have grown into voids of
about the same aspect ratio, and coalescence occurs at about the
same overall strain. If the transverse spacing between voids was
small, coalescence would occur early in spite of a low void volume
fraction. However, for the moderate variations of the spacings con-
sidered here (Fig. 6), there is only a small effect on the value of the
overall strain.
In cases where voids nucleate by cracking of hard particles, it is
convenient to make the approximation that the shape evolution
from the initial penny-shaped crack is described as that of an ob-
late void in a homogeneous matrix material (e.g. Nielsen et al.,
2010), because then formulas are available describing the growth
of the void volume and the evolution of the void shape. The degree
of approximation is quantiﬁed here for a number of parameter
combinations, as illustrated in Figs. 7–10. It is emphasized here
that the mode of deformation is rather different from that of a
spheroidal void in a homogeneous material, but is more like thatat ﬁbre breakage in a metal matrix composite. The deformations
are highly concentrated in the matrix material around the initial
crack-tip, while the hard particle deforms very little. For a high
stress triaxiality the void balloons out in the transverse direction,
reaching a radius much larger than that of the particle, and here
there is not much deviation from the growth of a spheroidal void
in a homogeneous material. The largest differences are found for
low stress triaxialities and in cases where the hard particle is rela-
tively long. For a case in this parameter range Fig. 8 illustrates the
signiﬁcant difference in void evolution at a certain level of overall
strain. Here the presence of the hard particle enforces a void shape
much like a circular cylinder with ﬂat ends, and also the axial
forces on the two halves of the particle make the void signiﬁcantly
longer than predicted for a spheroidal void in a homogeneous
material.
References
Budiansky, B., Hutchinson, J.W., Slutsky, S., 1981. Void growth and collapse in
viscous solids. In: Hopkins, H.G., Sewell, M.J. (Eds.), Mechanics of Solids, The
Rodney Hill 60th Anniversary. Pergamon Press, pp. 13–45.
Danas, K., Castaneda, P., Ponte, 2009a. A ﬁnite-strain model for anisotropic
viscoplastic media: I – theory. Eur. J. Mech. A/Solids 28, 387–401.
Danas, K., Castaneda, P., Ponte, 2009b. A ﬁnite-strain model for anisotropic
viscoplastic media: II – applications. Eur. J. Mech. A/Solids 28, 402–416.
Fleck, N.A., Hutchinson, J.W., Tvergaard, V., 1989. Softening by void nucleation and
growth in tension and shear. J. Mech. Phys. Solids 37 (4), 515–540.
Gologanu, M., Leblond, J., Perrin, G., Devaux, J., 1997. Recent extensions of Gurson’s
model for porous ductile metals. In: Continuum Micromechanics. Springer-
Verlag, Berlin, pp. 61–106.
Gurson, A.L., 1977. Continuum theory of ductile rupture by void nucleation and
growth – I. Yield criteria and ﬂow rules for porous ductile media. J. Eng. Mater.
Technol. 99, 2–15.
Huang, Y., Hutchinson, J.W., Tvergaard, V., 1991. Cavitation instabilities in elastic–
plastic solids. J. Mech. Phys. Solids 39, 223–241.
Hutchinson, J.W., 1973. Finite strain analysis of elastic–plastic solids and structures.
In: Hartung, R.F. (Ed.), Numerical Solution of Nonlinear Structural Problems.
ASME, New York. p. 17.
Koplik, J., Needleman, A., 1988. Void growth and coalescence in porous plastic
solids. Int. J. Solids Struct. 24, 835–853.
Nielsen, K.L., Pardoen, T., Tvergaard, V., de Meester, B., Simar, A., 2010. Modelling of
plastic ﬂow localization and damage development in friction stir welded 6005A
aluminium alloy using physics based strain hardening law. Int. J. Solids Struct.
47, 2359–2370.
Pardoen, T., Hutchinson, J.W., 2000. An extended model for void growth and
coalescence. J. Mech. Phys. Solids 48, 2467–2512.
Pedersen, T.Ø., 1998. Remeshing in analysis of large plastic deformations. Comput.
Struct. 67, 279–288.
Rice, J.R., Tracey, D.M., 1969. On the ductile enlargement of voids in triaxial stress
ﬁelds. J. Mech. Phys. Solids 17, 201–217.
Siruguet, K., Leblond, J.-B., 2004. Effect of void locking by inclusions upon the plastic
behavior of porous ductile solids – I: theoretical modeling and numerical study
of void growth. Int. J. Plasticity 20, 225–254.
Tvergaard, V., 1976. Effect of thickness inhomogeneities in internally pressurized
elastic–plastic spherical shells. J. Mech. Phys. Solids 24, 291–304.
Tvergaard, V., 1982. On localization in ductile materials containing spherical voids.
Int. J. Fracture 18, 237.
Tvergaard, V., 1993. Model studies of ﬁbre breakage and debonding in a metal
reinforced by short ﬁbres. J. Mech. Phys. Solids 41, 1309–1326.
Tvergaard, V., 1997. Studies of void growth in a thin ductile layer between ceramics.
Comput. Mech. 20, 186–191.
Tvergaard, V., 2000. Interface failure by cavity growth to coalescence. Int. J. Mech.
Sci. 42, 381–395.
Tvergaard, V., 2004. Breakage and debonding of short brittle ﬁbres among
particulates in a metal matrix. Mater. Sci. Eng. A369, 192–200.
